Introduction
It is not known whether derivations from group algebras L}(G) or weighted convolution algebras L l (u) to Banach bimodules over the respective algebras are automatically continuous. For a discussion of the problem as to whether they are, see Section 10 in [3] and, in particular, questions 22 and 24. The present paper is concerned with developing some techniques which may be used to tackle this problem and with applying them to some particular cases.
A related question is raised in Section 2, namely whether every left ^(O-module (or / 1 (w)-module) homomorphism from L\G) (respectively L 1^) ) to an arbitrary left Banach / 300 G. A. Willis [2 ] this is related to the automatic continuity problem for derivations from L l (G) is shown in Section 4 (Theorem 4.1). In particular, it is shown that either the homomorpnisms problem has a negative solution or the derivations problem reduces to the case when G is the free group on a countably infinite number of generators. In other words, if the homomorphisms problem has a positive solution, then the topology on G is not relevant to the derivations problem. An analogous result is proved for L l (u) . The other main result of Section 4 (Theorem 4.3) is a solution of a special case of the derivations problem for group algebras. It is shown that every derivation from L}(G) to a commutative Banach L 1 (G)-bimodule is continuous. Some lemmas required in Section 4 are proved in Section 3. These lemmas are based on parts of my Ph D thesis, which was completed at the University of Newcastle upon Tyne under the supervision of Professor B. E. Johnson. I would like to thank Professor Johnson for his supervision and many helpful suggestions.
Weight functions and other definitions
We begin by describing the convolution algebras on groups and on the positive half-line with which we shall be working.
Throughout, G will denote a locally compact group. All notation concerning group algebras will be as in [9] except that we shall identify certain algebras which are shown to be isomorphic there. For example, C 0 *(G) will be identified with M(G) (19.12) , l\G) with M a (G) (19.18) and l\G) with M d (G) (19.15) . For each x in G we shall denote the point mass at x by x.
Two notions of weight function have been used by varioous authors in the definition of weighted convolution algebras. In both cases a weight function is defined to be a function w: [0, oo) -» R + such that
. A function satisfying (1.1) is said to be submultiplicative. However, in [7] , and [3] for example, it is required that w should also be continuous and that «(0) = 1, whereas in [1] the only requirement is that w should be measurable.
In any case, a weight function u> is said to be bounded if there is an M > 0 such that u(t) < M, (t e [0, oo)) and to be bounded near zero if there is an M > 0 and 8 > 0 such that where two functions are equivalent if they are equal almost everywhere. Define M(u) to be the set of complex, regular, Borel measures ju on [0, oo) such that Then /^(u) and M(u) are Banach algebras with convolution as their product (see [1] and [7] ). We will identify L l (u) with the closed, two-sided ideal in M(u) consisting of measures which are absolutely continuous with respect to Lebesgue measure. Under this identification, Theorem 1.4 in [7] shows that, if « is a continous weight, then the multiplier algebra of L l (u) is isomorphic to M(u). Certain properties of the weight function correspond to properties of the weighted convolution algebra. For example, u is a radical weight if and only if L}(u) is a radical Banach algebra and, if « is bounded near zero, then L}(u) has a bounded approximate identity (see [1] ). By comparing the norms of point masses, we see that two weights u l and « 2 are equivalent if and only if M(<0j) = M(u 2 ). Further, if u 1 and w 2 are equivalent, then it is clear that
It is at this point that it begins to matter whether we take weights to be continuous or merely measurable. If u l and « 2 are continuous and L^Wj) = L 1 (« 2 ), then it may be shown that u x and w 2 are equivalent. However, there are inequivalent measurable u 1 and <o 2 
For such a pair of weights Z-Hwi) = ^("2) but M(o3 x ) =£ A/(w 2 ). Hence, as it stands, Theorem 1.4 in [7] does not generalize from continuous to measurable weights because there is no natural candidate for the multiplier algebra. On the other hand, there ought to be some sort of generalization of this theorem to weights which are bounded near zero because the most important feature of its proof is the existence of a bounded approximate identity in L}(u).
This difficulty can be met by making an appropriate choice for the definition of weight function. This choice is suggested by Proposition 1.1 below, the first part of which is due to S. Grabiner [8, Corollary 3.6] . For this, define the Sorgenfrey topology on [0, 00) to be that which has the base {[x, y)\x, y e [0, 00)} (see [5] , ex. . Therefore, by (1.6), mu'(t) < u(t) < Mu'(t), (t e [0, 00)), and so w' and « are equivalent. In view of Theorem 1.1 we now define a weight function to be a Sorgenfrey continuous submultiplicative function u: [0, 00) -> R + . Note that such weight functions w are always bounded near zero and so the weighted convolution algebra / / ( « ) will always have a bounded approximate identity.
[ s ]
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With this notion of weight function we have that u x and cc 2 are equivalent if and only if L^Wj) = L}(u 2 ). Also, we recover all the weighted convolution algebras which arise from measurable submultiplicative functions which are bounded near zero. However, this definition of weight function is still more restrictive than that used in [1] because in that paper weights are allowed to be unbounded near zero.
A version of Theorem 1.4 in [7] may now be proved for this more general notion of weight function. By a multiplier on a Banach algebra A is meant a continuous linear operator T:
The set of all multipliers on A will be denoted by J((A). It is a closed subalgebra of the algebra of all bounded linear operators on A .
Then it is clear that 3~ is a continuous homomorphism from M(w) into J? (L}(u) ). We will show that 3~ is a bijection. As in [7] , the proof will be modelled on Wendel's proof that M(G) is the multiplier algebra of / \pudp.= lim / \po) dp..
The last equality holds because wj 1 We have thus shown that the map ju. -» w^ is surjective and HWJ^H < ||JLI|| < Af HmJI. Therefore M(w) and C 0 (w)* are isomorphic Banach spaces.
Note that if w is continuous (in the usual sense), then M(u) and C 0 (w)* are in fact isometric. (w), \p e C 0 (w)). As is remarked in [1] , the sequence («X[o,i/n]) i s a bounded approximate identity for L l (u) because w is bounded near zero. It may be shown that this sequence is also a bounded approximate identity for the Banach L The required isomorphism may now be proved just as in [9] . A result analogous to this for weighted convolution algebras on locally compact groups is proved in [6] .
is isomorphic to
As for group algebras, we will identify l\u) with the discrete measures in A/(w) and will identify L l {u) with the measures in Af(«) which are absolutely continuous with respect to Lebesgue measure.
The notions of left, right and two-sided Banach module over a Banach algebra A will be as defined in [2] .
) is a two-sided Banach module over l\G) (l\u)). The definitions of derivations and module homomorphisms wil be as given in [2] .
Let T: X -» Y be a linear operator, where X and Y are Banach spaces. Then the separating space of T, denoted S(T), is defined by S(T) = {y e Y\3(x n ) e X with x n -> 0 and Tx n --y}. The properties of the separating space which we will require are given in [16] . In partcular, S(T) is a closed subspace of Y and S(T) = (0) if and only if T is continuous. We will also require the following lemma [16,1.6]. 
Some automatic continuity problems.
The following two problems are raised in [3] as questions 22 and 24 respectively.
(A) For which locally compact groups G is every derivation from L l (G) to a Banach L^G^-bimodule continuous?
(B) For which weight functions u is every derivation from L l (u) to a Banach L^wJ-bimodule continuous?
As is remarked in [3] , if G is an abelian group, then the closed ideals of L X {G) satisfy the following two conditions: (G)-module. The lemma will be required for the proofs of the automatic continuity results in [19] . It may be that there is a complete solution to (C) based on this lemma which generalizes the argument in the discrete case.
LEMMA. Let G be a locally compact group. Let {F Y , F 2 ,..., F n ) be a finite subset of L}(G), U be a neighborhood of e, and e > 0. Then there is an F in L
l (G) and use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700027531 G. A. Willis [10] Finally, the result holds in general because the simple functions are dense in
L\G).
Next we have the corresponding lemma for L l (u) . Its proof is straightforward and will be omitted. Now approximate identity arguments applying Cohen's Factorization Theorem [2, 11.10] have been widely used in the proofs of automatic continuity results (for example, see [11, 12] ). Thus an obvious question is whether a factorization theorem can be deduced from 2.1 and 2.2. We ask whether the following assertion holds for each nondiscrete group G and each weight function w.
(E) There is an integer k such that, for each sequence (F n )™ =1 converging to Since Lemmas 2.1 and 2.2 show that L\G) and L\u) are "approximately singly generated" it is to be expected that, if (E) holds at all, then it will hold with k = 1. However, the example below shows that, in the group algebra case, (E) may not hold with k = 1.
2.3 EXAMPLE. Let T be the circle group with Haar measure normalized so that X(T) = 1. Let {x n \n G Z} be the set of continuous characters on T and define \k\ > n, it now follows that f n (k) = 0 for \k\ > n, n = 1,2,3, Hence, /" is in the span of {X-n +i>X-n +2>--->Xn-i>X«-i}> which contradicts the assumption that /" is in l\T).
Some automatic continuity lemmas
The results of this section are based on some lemmas in Chapters 4 and 5 of [17] . They simplify the problems of continuity of derivations and module homomorphisms from L X (G) (and L x (w)) by reducing them to the special cases when the range module is L°°(
Let A be a Banach algebra and A <8> A be the protective tensor product of A with itself (see [2, 42.9] ). Define v4 ® ^4 to be a Banach v4-bimodule by putting (
i) If X is a Banach A-bimodule and D: A -> X is a derivation, then S(D) is a closedsubmodule of X and S(£>) = A • S(Z>) • A.
(
ii) If every derivation from A to (A ® A)* is continuous, then every derivation from A to an arbitrary Banach A-bimodule X is continuous.
PROOF, (i) It is well known and easily verified that, when D is a derivation, S(Z)) is a closed submodule of X. Now let s be in S(Z)) and (a n ) be a sequence in A with a n -* 0 and D(a n ) -* s. Since A has a bounded approximate identity there is, by Cohen's Factorization Theorem, an a in A and a sequence (a' n ) in A such that a' n -* 0 and a n = aa' n for every n. Hence,
n-*oo n-*cc «-*oo Take e > 0 and choose an integer n such that \\s -a • D(a' n )\\ < e. Let ( Hence R f is a bounded linear operator and \\R f \\ < Now let a, b and c be in yl and x be in X Then
Therefore R f is a bimodule homomorphism from X to {A ® A)*. It follows that R f°D is a derivation from A \o(A ® /4)* and is thus continuous. Since s' is in S(D) there is a sequence (a n ) in A such that a n -> 0 and D(a n ) -> 5'. Hence, since ^ « Z> is continuous, 0= lim (R,oD)(a n )(d® c)
= /(*) = PllTherefore j = 0. It follows that S(Z)) = (0) and so D is continuous.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700027531
The same argument, slightly simplified, may be used to prove Lemma 3.2 below.
3.2 LEMMA. Let A be a Banach algebra with a two-sided bounded approximate identity and X be a Banach left A-module such that A has a bounded approximate identity for X.
i) / / Y is a Banach left A-module and T: X -» Y is an A-module homomorphism, then S ( r ) is a closedsubmodule of Yand S(T) = A • S(T).
ii) If every A-module homomorphism from X to A* {regarded as a left A-module under the dual action) is continuous, then every A-module homomorphism from X to an arbitrary Banach left A-module Y is continuous.
The following corollary was first proved in [12] . It is required for the proof of the next lemma. [is]
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(where the limits are with respect to the w*-topology on The argument used above will also prove the next lemma. The next two lemmas begin to show the value of being able to extend derivations from ^-algebras to measure algebras.
LEMMA. LetTfbe a derivation from M(G) to (L l (G) ® L\G))* and define a map 8 from G to (L\G) ® L\G))* by 8(x) = D(x), (x <= G). Suppose that there is a neighborhood U of the identity in G and a positive constant M such that \\&(x)\\ < M, (x e U). Then 8 is continuous with respect to the group topology on G and the w*-topology on (L\G) < § > L\G))*.
Now let (x n ) be a sequence converging to x with x n < x for every n. Then ||8(x n )|| is bounded. To show this, choose y < x with \y -x\ < e. Then x n e [y, x] for all but finitely many n and so which is bounded because x n -y is in [0, e) and so \\8{x n -y)\\ < M. We have that for every n, x = x n + t n , where t n e [0, oo) and t n -> 0. Hence Now for each x in G, (x), the subgroup of G generated by x, is abelian and thus is amenable. Hence, by Proposition 43.14 of [2] C(x^,®x^,) , j = 1,2,...,«. However, by the theorem in [18] , there are no non-zero point derivations on L l (G). Therefore D is continuous.
Note added in proof. Since writing this paper I have solved problem (C) in Section 2. As anticipated in Section 2, the solution uses Lemma 2.1, and a result similar to the conjecture (E). A consequence of this is that Theorem 4.1 is strengthened because the first alternative in its conclusion cannot occur. The solution, together with some results which were originally intended for the reference [19] , will now appear in two papers 
